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Abstract
One of the major obstacles in incompressible
fluid simulations is a projection step that
enforces zero divergence of the velocity field.
We propose a novel heterogeneous CPU-GPU
parallel multigrid Poisson solver that exploits
multicore CPU and GPU at the same time to
improve the performance and accuracy of the
projection step. To utilize both the CPU and
GPU fully, our solver decomposes the high
frequency components of the residual field
using wavelet decomposition and conducts
additional middle smoothing on the CPU while
the GPU handles the coarsest level evaluation.
We demonstrate the efficiency of our solver
with animations of smoke and turbulent flow
with thermal buoyancy. The results indicate
that the use of middle smoothing improves the
accuracy of the parallel multigrid Poisson solver
by up to 59% through a single multigrid cycle
and reduces the number of multigrid cycles be-
fore reaching predefined tolerance up to 44%.

Keywords: Fluid Simulation, Multigrid
Method, Wavelet Decomposition

1 Introduction

Fluid simulations have been used in a variety of
applications such as feature films, video games,
and virtual reality to visualize the realistic mo-
tion of fluids such as water, smoke, and fire.
As high definition media are increasingly avail-
able and viewers expect higher visual quality,
the demand for a fast simulation technique to
create high resolution fluid scenes has grown.

Although there have been many advances in
the area of fluid simulation during the last few
decades, making high quality fluid scenes still
requires a great deal of computation time.

The obstacle of the incompressible fluid simula-
tion lies in the projection step, which makes the
velocity field divergence-free. Many researchers
have focused on making the projection step
more efficient. One of the most widely-used ap-
proaches appeared recently in computer graph-
ics is to employ the multigrid Poisson solver
[1, 2, 3], which takes advantage of a hierarchy
of discretizations to accelerate the convergence
of a solution.

On top of the linear time performance guaran-
teed by the multigrid approach, additional par-
allel processing using a GPU or CPU makes the
projection process even faster [4, 5, 6, 2, 3].
However, most previous work utilized either the
GPU or the CPU in the process of parallelizing
the multigrid Poisson solver. This means that the
unchosen processing unit is left idle, resulting in
inefficient utilization of computing resources.

CPUs have multiple cores and are able to access
the large main memory directly. Meanwhile, a
large number of cores of GPUs can solve many
iterative algorithms very efficiently but the rela-
tively limited memory capacity restricts their ap-
plicability. We propose a novel multigrid Pois-
son solver which takes full advantage of the
heterogeneous parallelization of CPU and GPU
by means of combining the good properties of
CPU and GPU. Figure 1 (a) illustrates the tradi-
tional V-cycle method [1] in two-grid multigrid.
This method solves the coarse level on GPU be-
cause GPUs can perform many iterations very



efficiently and refines the solution on the fine
level on CPU so that we can obtain high reso-
lution data which requires large memory. Inter-
estingly, CPU idle time appears while GPU con-
ducts the coarsest level evaluation. To the best
of our knowledge, this idle time, which can be
obtained by the strong combination of our CPU
and GPU hybrid, has not been mentioned previ-
ously. In order to improve parallel performance
by removing the CPU idle time, we introduce
the middle smoothing method as shown in Fig-
ure 1 (b). Our experimental results show that
the inverted A-cycle (∀-cycle), the enhanced V-
cycle by the middle smoothing method, acceler-
ates the convergence toward a solution and im-
proves the performance of fluid simulations.

The contributions of this paper are as follows:
·We propose an efficient hybrid CPU and GPU
parallel processing tailored to a multigrid Pois-
son solver.
· The middle smoothing method was introduced
to enhance the traditional V-cycle and achieve
the ∀-cycle technique.
· An impoved boundary handling method was
applied for inter-grid transfer operators.

2 Related Work

Foster and Metaxas [7] introduced fluid simu-
lation to the computer graphics community us-
ing 3D Navier-Stokes equations and free-surface
boundary conditions. Many researchers have
followed by improving the original approach in
various ways. In the case of the projection,
Foster and Metaxas [7] used Successive Over
Relaxation (SOR) to solve the Poisson equa-
tion. Fedkiw et al. [8, 9] employed the efficient
incomplete Cholesky preconditioned conjugate
gradient (ICPCG) solver. Influenced by this pa-
per, the ICPCG based solver was adopted for a
variety of simulations, such as smoke [10, 11, 8],
fire [12], and sand [13].

One of the most widely used projection meth-
ods is to employ a multigrid Poisson solver
[14, 15, 3]. Lentine et al. [16] showed a simpli-
fied multigrid solver that performs pressure pro-
jection on a coarse grid and multiple indepen-
dent fine grids. McAdams et al. [2] used a multi-
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Figure 1: Comparison of utilization rate of the
CPU and GPU in the parallelized
multigrid solver. The upper figure il-
lustrates the two-grid V-cycle in which
the CPU has an idle time while the
GPU solves the coarsest level itera-
tively. In the bottom figure, the CPU
performs the middle smoothing dur-
ing the idle time to improve the per-
formance and accuracy of a solution.

grid solver as a preconditioner for a conjugate
gradient solver. The multigrid method has also
been used widely in other research areas of com-
puter graphics, such as cloth simulation [17], de-
formable solids simulation [18], mesh deforma-
tion [19], geometry processing [20], rendering
[21], and image processing [22, 23, 24].

There are a number of studies that exploit par-
allel processing using a CPU or GPU to accel-
erate the process of fluid simulations. Chen-
tanez and Müller [3] showed a real-time Eule-
rian water simulation using a restricted tall cell
grid that was implemented on a GPU. Paral-
lelized multigrid solvers using GPU [4, 5, 6] or
CPU [2] were also introduced with their applica-
tions to fluid dynamics. GPU-based smoothed
particle hydrodynamics (SPH) [25], the mov-
ing particle semi-implicit (MPS) method [26],
and the Eikonal equation solver [27] were also
suggested. Harada [28] showed heterogeneous
particle-based simulation running on an accel-
rated processing unit (APU).



3 Incompressible Fluid
Simulation

In this section, we briefly summarize the incom-
pressible fluid simulation process. Below are the
incompressible Navier-Stokes equations that de-
scribe the motion of fluids:

ut + (u · ∇)u +∇p/ρ = f , (1)

∇ · u = 0, (2)

where u is the velocity of the fluid, p is the pres-
sure, ρ is the density, and f is body forces.

Instead of solving the entire problem at once, we
split the above equations, which was introduced
by Chorin [29]. By introducing intermediate ve-
locity u∗, the equations are separated into the
advection and body forces parts and the pressure
part.

u∗ − un

∆t
= −(un · ∇)un + f (3)

un+1 − u∗

∆t
= −∇p

ρ
(4)

The intermediate velocity u∗ is obtained by in-
tegrating the advection term −(un · ∇)un and
the body forces term f in Equation (3). Finally,
un+1 is evaluated by enforcing incompressibil-
ity to u∗, which is expressed by Equations (4)
and (2). Our focus is on this latter part of the
formulation known as projection.

From the incompressibility condition, Equation
(2) and the pressure gradient update part of the
equation, Equation (4), the following Poisson
problem is derived:

∇2p = ρ∇ · u∗/∆t, (5)

where ∇2p is the Laplacian of the pressure and
∇ · u∗ is the divergence of the intermediate ve-
locity. From Equation (5), we formulate a lin-
ear system Ax = b, where A is the discrete
Laplace operator, x is the pressure vector that
make the velocity field divergence-free, and b is
the RHS. We refer the readers to [30, 9] for a
detailed description.

ICPCG [31] has been widely used to solve this
linear system. ICPCG performs very efficiently
for moderate grid resolutions, whereas its per-
formance deteriorates for high resolution grids
[2]. The amount of storage and the cost of updat-
ing the preconditioner also increase significantly
for high-resolution grids. In addition, due to the
sparse back-substitution involved, the parallel
processing is very difficult without some modi-
fications [32]. For these reasons, multigrid Pois-
son solvers, which guarantee a nearly constant
number of iterations for convergence regardless
of grid resolutions, have been frequently used
these days. Our fluid solver uses a variation of
the multigrid Poisson solver in the projection
step. Here, we include a brief summary of the
multigrid method for completeness.

3.1 Multigrid Poisson Solver

The multigrid technique operates on the succes-
sion of coarse grids created from the original
finest grid and rapidly reduces the error field,
which is the difference between the exact so-
lution and the current approximation of it, by
multigrid-cycling the hierarchy of the grids. The
V-cycle and the W-cycle are examples of multi-
grid cycles. We refer the reader to [1] for an
in-depth introduction to multigrid methods.

Algorithm 1 Mulgrid Framework

1: for l = 0 to L− 1 do
2: Compute Al

3: end for
4: x0 ← 0
5: Compute b0

6: for i = 1 to Num Multigrid Cycles do
7: V-Cycle() or Inverted A-Cycle()
8: end for

Algorithm 1 summarizes the multigrid frame-
work. The total number of hierarchical grids is
L. Level 0 is the finest grid, and level L − 1 is
the coarsest grid. The superscript of variables
indicates the grid level that it belongs to. Al is
discrete Laplacian at level l , x0 is the pressure
vector at the finest level, and b0 corresponds to
the right-hand side of Equation (5). The initial
guess of the finest level pressure is set to zero.
The ‘inverted A-Cycle()’ procedure in red color



Algorithm 2 V-Cycle()

1: for l = 0 to L− 2 do
2: Smooth(Al,xl,bl)
3: rl ← bl −Alxl

4: bl+1 ← Restrict(rl)
5: xl+1 ← 0
6: end for
7: Solve AL−1xL−1 = bL−1 accurately
8: for l = L− 2 down to l = 0 do
9: xl ← xl + Prolongate(xl+1)

10: Smooth(Al,xl,bl)
11: end for

in line 7 is conducted when middle smoothing is
utilized, which is described in Section 4.1.

Algorithm 2 summarizes the V-cycle. A stan-
dard 8-to-1 cell coarsening procedure is used to
create a sequence of coarse grids from the finest
grids. We empoy the trilinear interpolation for
the inter-grid transfer operators in restriction,
prolongation, and wavelet decomposition. As
the trilinear interpolation operator is used in the
restriction and the prolongation, coarse grids of
an arbitrary resolution can be used in our solver.
Meanwhile, filling empty cells and object cells
with proper boundary values is necessary before
the transfer.

In our implementation, object cells are filled
with the average of the scalar values from the
adjacent fluid cells and empty cells are filled
with zero. Compared with the boundary han-
dling method, which fills all non-fluid cells with
zero, our method showed a better convergence
rate in our experiments. We found that the scalar
values of fluid cells, which were adjacent to non-
fluid cells with zero value, were decreased dur-
ing the inter-grid transfer operation, as the pro-
cedure includes the calculation of a weighted
sum of scalar values in nearby cells.

4 CPU and GPU Parallelization

Each step in our multigrid Poisson solver uses
parallel processing implemented on a CPU or
GPU. At the coarsest level, we solve the Pois-
son equation accurately by using a conjugate
gradient (CG) solver [33] that is implemented

as a parallel program running on a GPU. If the
coarsest grid resolution is low, the discrepancy
between the finest level and the coarsest level
increases and the small features of objects and
bubbles can lead to the stagnation of the resid-
ual reduction or the divergence of the solution
[2, 3]. Thanks to the high performance of GPU
parallel processing, we can use a relatively high
resolution grid for the coarsest level. It is well-
known that GPU based CG solver is 3 or more
times faster than CPU based solver in high reso-
lutions over 1283. For the smoothing of the non-
coarsest level, either the Gauss-Seidel smoother
(GSS) or the damped Jacobi smoother works
well.

4.1 Middle Smoothing and ∀-cycle

Though each step of the V-cycle is implemented
by using parallel processing on either a CPU or
GPU, the CPU utilization is relatively low in the
GPU-dependent steps. In order to improve par-
allel performance by removing CPU idle time,
we introduce an additional smoothing process
conducted on CPU while GPU solves the coars-
est level. Algorithm 3 summarizes the proposed
heterogeneous CPU and GPU parallel multigrid
cycle and red colored lines 5, 11, and 14 high-
light the differences between V-Cycle() and in-
verted A-Cycle(). The new smoothing (line 11)
is performed in the middle of presmoothing (line
2) and postsmoothing (line 15) of the traditional
V-cycle and achieves a ∀ shaped cycle. Note
that the CPU performs from line 10 to line 12
at the same time when the GPU handles line 9.
Our middle smoothing effectively improves the
accuracy of V-cycle because it solves the high-
frequency components of the residual field at
each level (line 5) obtained by a simple wavelet
decomposition [34] as other smoothing opera-
tions do.

Residual is the amount of divergence remaining
in the velocity field after updating the current
velocity field with the current estimation of the
pressure. The residual field in each level is eval-
uated and transferred to a coarser level by using
low-pass filtering after presmoothing. Interpo-
lating the residuals at the positions of the nodes
in the original grid and subtracting the interpo-



lated values from the original residual keep high
frequency components only, which were not in-
cluded in a down-sampled residual field. The
middle smoothing is conducted with this resid-
ual field at each level.

The conventional V-cycle considers only down-
sampled, low-frequency components of the
residual field after presmoothing; thus, high-
frequency components of the residual field are
not considered in the pressure estimation in the
coarser level. Consequently, the approximation
of pressure field from the coarser level is some-
what inaccurate. In contrast, ∀-cycle considers
the high-frequency components of residual in
the middle smoothing; thus, the pressure field
converges rapidly toward a solution when the
pressure field obtained by the middle smoothing
is summed up with the pressure field from the
coarser level and the presmoothing.

Algorithm 3 Inverted A-Cycle()

1: for l = 0 to L− 2 do
2: Smooth(Al,xl,bl)
3: rl ← bl −Alxl

4: bl+1 ← Restrict(rl)
5: rlhigh ← rl − Prolongate(bl+1)

6: xl+1 ← 0
7: xl

high ← 0
8: end for
9: Solve AL−1xL−1 = bL−1 accurately on

GPU
10: for l = 0 to L− 2 do
11: Smooth(Al,xl

high, r
l
high) B on CPU

12: end for
13: for l = L− 2 down to l = 0 do
14: xl ← xl + xl

high + Prolongate(xl+1)

15: Smooth(Al,xl,bl)
16: end for

As the middle smoothing makes full use of the
idle time of CPU, the increase in total computa-
tion time is minimum. Meanwhile, the increase
in the accuracy of the solution is remarkable as
the middle smoothing considers high-frequency
components of the residual field that were not
considered in the process of the coarser level
pressure evaluation. The computation time for
the wavelet decomposition and the accumula-
tion of pressure resulting from middle smooth-
ing is below 1% of the total computation for

Resolution

# of
Pre-

/Post-
smoothing

# of
Middle
Smoothing

Vortex
Particle

Residual
(V-

cycle)

Residual
(∀-

cycle)

Residual
Reduc-
tion(%)

1283 0 8 X 18.04 8.555 52.593
2563 0 8 X 32.610 27.082 16.952
5123 0 9 X 108.362 90.111 16.843
1283 0 8 O 20.452 8.283 59.500
2563 0 8 O 36.672 20.401 44.369
5123 0 9 O 115.043 90.413 21.409
1283 1 8 X 8.567 6.645 22.435
2563 1 8 X 21.125 18.858 10.731
5123 1 9 X 67.931 63.297 6.822
1283 1 8 O 8.730 6.055 30.641
2563 1 8 O 21.418 18.687 12.751
5123 1 9 O 68.054 63.247 7.064
1283 2 8 X 4.288 3.257 24.044
2563 2 8 X 10.964 10.376 5.363
5123 2 9 X 36.890 35.758 3.069
1283 2 8 O 4.325 3.265 24.509
2563 2 8 O 10.990 10.255 6.688
5123 2 9 O 36.916 35.739 3.188

Table 1: The norm of residuals produced by us-
ing the V-cycle and by using the ∀-
cycle after a single iteration. Compared
with the V-cycle, the ∀-cycle using the
middle smoothing decreased a norm of
residuals up to 59%.

each frame.

5 Results

The experiments were performed on a work-
station with two 24-core Intel R© Xeon R© X5690
processors, 96GB of RAM, and an NVIDIA R©

GeForce R© GTX 580 graphics card operated by
CUDA library1. CPU implementations were
multi-threaded by BOOST library2.

We used the semi-Lagrangian method [30] for
all advection. For convergence consideration,
we used the Euclidean norm [1].

Figure 2 shows smoke flow past a sphere; the
improved visual effects produced by our method
are highlighted in red rectangles. The fifth row
in Table 1 corresponds to the detailed infor-
mation of these scenes. The two cases used
the same experimental conditions except for the
use of middle smoothing. Visually important
vortices, which are highlighted in the red rect-
angles, are more noticeable when the middle
smoothing is used. However, the computation
times are almost the same for both cases.

Table 1 shows the decrease of residuals pro-
duced by using the ∀-cycle compared to the val-

1http://www.nvidia.com/object/cuda home new.html
2http://www.boost.org



(a) V-cycle

(b) ∀-cycle
Figure 2: Comparison of the smoke animations. The results using the ∀-cycle show visually important

vortices more clearly, as highlighted in the red rectangles.

ues created by using the V-cycle. The residu-
als were measured after a single multigrid cycle.
The resolution in the table indicates the resolu-
tion of the finest grid, and all the test cases used
three grid levels. These tests used the same sce-
nario shown in Figure 2. The use of the ∀-cycle
effectively decreased the residuals in all the test
cases, one case being up to 59%. The test cases
using vortex particles [10] include more high-
frequency details, and the result shows that the
reduction rates of residuals are better in those
cases.

To demonstrate the speedup of using the ∀-cycle
over using the V-cycle, we conducted simula-
tions of turbulent flow with thermal buoyancy
using each method in which the accuracy of
the solution reached a preset tolerance by re-
peating multigrid cycles. The number of itera-
tions for presmoothing, middle smoothing, and
postsmoothing were 2, 7, and 2, respectively.
Figures 3 (a) and (b) show selected images from
the resulting animations that were created by
using V-cycles and ∀-cycles, respectively. As
both test cases satisfied the preset accuracy of
the solution, the visual quality of the two result-
ing animations were nearly identical. Figure 3
(c) shows comparisons of convergence rates be-
tween two methods. The vertical axis indicates
the norm of residual on a logarithmic scale, and

the horizontal axis indicates the iteration num-
ber of multigrid cycles. Each chart corresponds
to the images above it. The tests using the ∀-
cycle, which are colored in red, show better con-
vergence rate than the tests using the V-cycle,
which are colored in blue. Table 2 compares the
number of iterations and the computation time
to reach the preset tolerance, 10-3. The usage of
∀-cycle outperformed the usage of V-cycle in all
of the test cases, and the speedup was up to 44%
at a resolution of 1283.

Figure 4 shows the animation of smoke that in-
teracts with moving rods. This scenario demon-
strates performance of the ∀-cycle when mov-
ing rigid bodies are involved. Multigrid cycles
were performed until the accuracy of the solu-
tion met the tolerance, 10-3. The iteration num-
ber of presmoothing, middle smoothing, and
postsmoothing were 2, 7, and 2, respectively.
Table 3 shows the iteration number of the multi-
grid cycles and computation time for each test
case. In comparison with using V-cycle, us-
ing ∀-cycle effectively reduced the computation
time in all of the test cases.

Table 4 shows a comparison of the norm of
the residuals produced by our boundary han-
dling method and by the zero-filling boundary
handling method. The norm of residuals were
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(c) Convergence rates of three frames shown above. The horizontal axis indicates the number of iterations of the V-cycle or
the ∀-cycle, and the vertical axis represents the Euclidean norm of the residual.

Figure 3: Selected images from the animations of turbulent flow with thermal buoyancy and their
respective convergence rates. Subfigure (a) shows results using V-cycles, and Subfigure (b)
shows results using ∀-cycles. As the accuracy of solutions in both cases met the preset
tolerance by repeating multigrid cycles, the visual quality of simulation results were nearly
identical. Subfigure (c) shows that the use of ∀-cycles accelerates the convergence rate.

measured after a single ∀-cycle iteration in each
frame, and their average values were used for
the comparison. This test used the same con-
ditions as that for Figure 2. The iteration num-
ber for the presmoothing, the middle smoothing,
and the postsmoothing were 3, 8, and 3, respec-
tively, and three-level grids were used for each
case. The data in Table 4 verifies that the norms
of residual decrease more rapidly via our bound-
ary handling method than via the zero-filling
scheme.

6 Discussion and Limitations

In this study, we performed pilot tests and de-
termined the iteration number for the middle
smoothing manually in order to ensure that the
smoothing time does not exceed the computa-
tion time of the coarsest level. This process
can be automated with a simple algorithm that
analyzes the computation times of the middle
smoothing and the coarsest level iteration at
each frame and suggests the maximum number
of iterations for the next frame. Typically, more
iterations of middle smoothing lead to a more
accurate solution.



(a) V-cycle

(b) ∀-cycle
Figure 4: Selected images from the animation of smoke that interacts with moving rods. As the ac-

curacy of solutions in both cases met the preset tolerance by repeating multigrid cycles, the
visual quality of the simulation results were nearly identical.

643 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

left 7 1s 697ms 4 984ms 42%
middle 7 1s 555ms 4 933ms 40%
right 7 1s 642ms 4 950ms 42%

1283 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

Left 9 3s 040ms 5 1s 732ms 43%
Middle 9 2s 907ms 5 1s 686ms 42%
Right 9 2s 878ms 5 1s 611ms 44%

2563 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

Left 11 10s 970ms 7 7s 240ms 34%
Middle 12 10s 801ms 7 6s 588ms 39%
Right 12 10s 930ms 9 8s 416ms 23%

5123 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

Left 13 66s 171ms 8 41s 688ms 37%
Middle 13 63s 965ms 8 39s 978ms 38%
Right 14 68s 936ms 10 49s 634ms 28%

Table 2: Comparison of the iteration number
and the computation time between the
two methods. Left, middle, and right
indicate the position of images in Fig-
ures 3 (a) and (b). The ∀-cycle outper-
formed the V-cycle in all the test cases,
and the speedup was up to 44% at a res-
olution of 1283.

When memory transfers from/to GPU are per-
formed, the middle smoothing is not conducted,
as it can slow down the memory transfer, and
that can offset the effect of middle smoothing.
However, with the advancement of GPU tech-
nology, we expect that this situation will be im-
proved and the efficiency of our method will in-

2563 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

Left 9 7s 266ms 6 4s 934ms 32%
Middle 9 5s 624ms 6 3s 757ms 33%
Right 9 5s 810ms 6 3s 939ms 32%

5123 V-cycle ∀-cycle Time
Iteration Time Iteration Time Reduction

Left 11 39s 614ms 6 22s 025ms 44%
Middle 11 37s 833ms 6 21s 035ms 44%
Right 11 37s 452ms 6 21s 347ms 43%

Table 3: Comparison of the iteration number
and the computation time. Left, mid-
dle, and right indicate the position of
images in Figures 4 (a) and (b). The
∀-cycle outperformed the V-cycle in all
the test cases, and the speedup was up
to 44% at a resolution of 5123.

crease accordingly.

7 Conclusion

A heterogeneous CPU-GPU parallel multigrid
Poisson solver that takes advantage of the novel
∀-cycle has been introduced for incompressible
fluid simulations. The middle smoothing, which
is concurrently conducted with the evaluation of
the coarsest level Poisson equation, effectively
decreased residuals after a single V-cycle and
reduced the iteration number of multigrid cy-



Resol-
ution

Zero-Filling
Boundary
Handling
Method

Our Boundary
Handling
Method

Residual
Reduction(%)

1283 5.544 1.155 79.16
2563 20.029 3.005 84.99
5123 88.773 9.092 89.75

Table 4: Comparison of the norm of the resid-
uals between the zero-filling bound-
ary handling method and our boundary
handling method.

cles before reaching the preset accuracy of the
solution. Our experiments demonstrated the ef-
fectiveness of the middle smoothing in scenar-
ios involving highly turbulent flows and moving
rigid bodies. We also demonstrated the effec-
tiveness of our boundary handling method com-
pared with the zero-filling method.

We have shown the results using only a single
GPU, whereas there are several graphics cards
that include more than one GPU and servers that
provide more than 8 GPUs such as NVIDIA R©

Tesla GPU servers. The usage of multiple
GPUs would further improve the computation
efficiency of using the ∀-cycle.
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